The Poiseuille flow of a KBKZ-fluid, being a nonlinear viscoelastic model for a polymeric fluid, is studied. The flow starts from rest and especially the transient phase of the flow is considered. It is shown that under certain conditions the steady flow equation has three different equilibrium points. The stability of these points is investigated. It is proved that two points are stable, whereas the remaining one is unstable, leading to several peculiar phenomena such as discontinuities in the velocity gradient near the wall of the pipe ('spurt') and hysteresis. Our theoretical results are confirmed by numerical calculations of the velocity gradient.
Introduction
In two papers [1] and [2] , Malkus et al. analyzed a striking novel phenomenon in shearing flows of non-Newtonian fluids called the 'spurt' phenomenon. They associated spurt with a material property of the polymeric fluid in contrast to the widely accepted explanation of spurt being the failure of the fluid to adhere to the wall ('wall slip'). In their analysis, this effect is due to a jump in the steady strain rate profile, leading to a dramatic increase in the volumetric flow rate. This phenomenon was also observed experimentally by Vinogradov et al. [3] in the flow of polymeric fluids through tubes. Similar effects are known in industrial applications, such as injection moulding or extrusion of polymeric melts through a capillary to produce fibres. The occurrence of a 'spurt jump' causes surface distortion of the extrudate, making the final industrial product more or less worthless. Therefore, the determination of a critical pressure gradient or volumetric flow rate, below which no spurt occurs is of great practical value in the manufacturing of polymeric melts in chemical industry.
Malkus et al. used a non-Newtonian fluid model (the so-called Johnson-SegelmanOldroyd fluid) that was described by (nonlinear) differential equations. Moreover, they restricted themselves to a two-dimensional shear flow trough a slit die. Although the results of Malkus et al. did explain (amongst other things) the spurt phenomenon quite satisfactorily, we are of the opinion that a polymeric fluid is more adequately described by a nonlinear viscoelastic model than by a fluid model. Such a viscoelastic model will lead to integrodifferential equations (due to the hereditary effect) rather than differential equations. To describe the elastic response of the dissolved polymer, we have exploited a so-called Kaye-Bernstein-Kearsly-Zapas (KBKZ)-model (see [4, p. 141] ) with an extra viscous term, due to the small-molecule solvent. As a generalisation of [2] we consider the three-dimensional axisymmetric shear flow through a pipe (Poiseuille flow). Since in simple shearing the second normal stress difference may be neglected, we use Wagner's modification (see [4, p. 209] ) of the KBKZ-model. The constitutive equation contains a hereditary integral, the kernel of which is taken from the form as explored by Papanastasiou (see [4, p. 213] ). The extra viscous term will dominate the initial response of the fluid. As we shall show in the sequel, the occurrence of this term is essential for our further considerations.
The description of the Poiseuille flow of such a fluid leads to an integrodifferential equation for the total amount of shear for a given pressure gradient. This equation will be derived in Section 2. It is assumed that the pressure gradient is either constant from the start or reaches a stationary value within a restricted time interval. If the pressure gradient is prescribed, the volumetric flow rate is still an unknown of the problem for which a global relation will be derived. The flow starts at t = 0 ( for t < 0 the fluid is at rest) by a sudden application of the pressure gradient. After the transient phase in which the flow is not stationary, the flow reaches a steady state profile. Due to the high viscosity of the fluid, inertia terms will be neglected throughout.
In Section 3 the steady state solution is derived, that is, we have calculated the stationary velocity gradient w as function of the radial coordinate r (w = w(r)). In addition, this gradient also depends upon the stationary value 1of the pressure gradient. However, this solution is not always unique, depending on the value of the quantity F = F(r) := r1/2, which represents the magnitude of the shear stress at r. For a certain range of values for F, three distinct solutions for the steady state velocity gradient exist. The first essential question is which of these three states will be attained by the fluid after the transient phase. The second question concerns the (in)sta.bility of these states (of course this question is related to the first one). The answer to this stability question will be given in Section 4. In Section 5 we present some results of numerical simulations. These numerical computations confirm the stability of the different states and show which particular steady state will be attained in case there are two stable ones. Moreover, the influence of the hereditary effect is observed by changing the stationary value of the pressure gradient. This involves understanding phenomena related to spurt, such as shape memory and hysteresis. Finally, in Section 6 we recapitulate the main conclusions of our paper.
Mathematical formulation of the Poiseuille flow of a KBKZ-fluid
The flow of an incompressible viscoelastic fluid under isothermal conditions is governed by the conservation of mass V·v=O and the balance of linear momentum
Here, p is the (constant) fluid density, h the body force per unit of mass, v the particle velocity and T the total (symmetric) stress tensor. Later on we shall show that for strongly viscous fluids the inertia forces, represented by the right-hand side of (2.2), can be neglected. The characteristic response of the material is described by the constitutive equation for the stress. For viscoelastic fluids with fading memory, the stress depends on the deformation history. If a polymer solution contains a small-molecule solvent, this solvent will generally respond in a viscous manner to any signal, separately from the elastic response due to the dissolved polymer. Therefore, it is assumed that the extra stress in the fluid consists of a viscous component and an isotropic elastic one, namely (2.3) Here, p is the pressure, I the unit tensor and 1) is the rate-of-deformation tensor defined by (2.4) Moreover, ' TJs is the coefficient of Newtonian viscosity. Finally, the elastic part Sp characterizes the polymer contribution, and this part is here assumed to be described by a KBKZ-model (d. [4, p. 141] ), which in its general form reads
Here, C is the strain tensor (see definition (2.7)), C-1 (the Finger tensor) is its inverse, Ie and Ie-t are the first invariants of these tensors, and the potential U is in general a scalar function of Ie, Ie-t and t -r. We use Wagner's modification of the KBKZ model for shearing flows by choosing aU/are-t = m(t-r)J{(Ie-t) and au/arc = 0 (see [4, p. 209] In this paper we study an axisymmetric shear flow in a tube with radius R, starting at time t = 0. With this flow aligned along the z-axis the flow parameters are independent of the axial coordinate z and the azimuthal coordinate (). Hence, the velocity takes the form (2.9) where H is the (Heaviside) step function. The conservation of mass is now automatically satisfied. The no-slip boundary condition at the wall and regularity of the velocity at the .
. 
The right-hand side of (2.26) is independent of 1'. Therefore, it is necessary that
exists (as we shall assume here). By letting l' lOin (2.26) and performing one integra.tion by parts, we obtain an expression for the pressure gradient f(t) in terms of the function u(t) defined above, i.e.
f(t) = 26U(t) + 21 t u(T)e-(t-r)dT.
The inverse of this relation is l I l t 1 +E: 
We conclude this section by deriving an expression in terms of f for the volumetric flux Q defined by 3 The steady state solution
In this section we investigate the asymptotic behaviour of the flow profile as t -+ 00. It turns out that the velocity profile reaches a steady state (in which the flow variables are independent of the time) as t -+ 00. This steady state plays an important role in the explanation of the spurt effect. The steady state velocity profile will be expressed in terms of the steady state velocity gradient w, defined by
From the stability analysis in Section 4 it follows that this steady state velocity gradient exists. In this section we shall derive an equation for w. Let the pressure gradient f(t)
be prescribed and take a = 0 in equation (2.22). For t -+ 00 this equation turns into a relation between the steady state velocity gradient wand the given pressure gradient J. 
exists.
Proof. Given the existence of 1, suppose that also w(r), as defined by (3.1), exists (this will be confirmed by the results of Section 4). Then for t -+ 00, the first and last terms of equation (2. 
i t Ih(,) -h(w(t -r))le-(t-T)dr~it lI(r, t, r) -w(r)(t -r)le-(t-T)dr
The inequalities (3.6) and (3.7) imply that the integral in (3.4) is bounded by 26, for all t > T. This completes the proof. 
resulting in a kink in the velocity profile at r = rM; see Fig. 2 .
4 Stability analysis (3.12) As the steady state equation (3.2) can have more than one solution, we investigate the stability of the different solutions and we estahlish which particular solution eventually will be attained. In this section especiaUy the stahility question will be discussed. To
Figure 2 The steady state velocity profile in supercritical flow with a kink at r = rM.
investigate the stability properties of any solution w we assume that the system is in the steady state at t = to; this will be accomplished by making a special choice for f(t)
during the period 0 ::; t ::; to (see (4.4)). The steady state is then slightly perturbed at t = to. The behaviour of the perturbed solution for t > to determines the stability of the unperturbed solution: If the perturbed solution remains bounded (or tends to zero) then the unperturbed solution is (asymptotically) stable. The definitions of stability of solutions of integrodifferential equations used here are similar to the usual definitions for ordinary differential equations (see [5] , [6] and [7] ).
To obtain an equation in terms of the total amount of shear, we substitute av of -or (r, t) = at (r, t) into (2.26) and find the integrodifferential equation for f
c:~f (r, t) + h(f(r, t))e-t + rt h(f(r, t) -f(r, T))e-(t-'T)dT =~rf(t), t > O. (4.2)
vt Jo ae:L1(0, 00) and A is locally integrable, the solution X of (4.8) is known to exist locally (see Driver [8] ). The functional 9 in (4.10) is of 'higher order', which means that 9(0, t) = 0, and 9(X, t) = o(IIXII), IIXII~o.
(4.11)
Hence, g is locally Lipschitz continuous in X, implying that the initial value X(O) = X o determines the solution uniquely. Under these conditions Grossman and Miller [5] proved that the stability of (4.8) is determined by the stability of its linear form (with g = 0)
(4.12)
The resolvent R associated with this linear equation, is defined as the unique solution of as A and a are locally integrable (see [5] for details). Here, the function C is defined by 
e(t) = p(t)Xo+B(t+to)+C(t+to)X(t)+ I t p(t-r)[B(r+to)+C(r+to)X(r)]dr.(4.15)
Here, the integral resolvent p is defined as the derivative of R by the relation
and satisfies (see Grossman and Miller [7] ) 
If p(t)t:Ll(O, 00) and B(t)t:V(O, 00)' then the solution X(t) of (4.14) is bounded, whereas its derivative e(t) is bounded and tends to zero as t
G~(z) = w [ e + (1 : z)2 J/ (1 : ) ] ,Proof Suppose 0~W < WM. Then w/(l + x) < W < WM, x > 0, implies J/(w/(1 + x)) > J/(WM) = -e (see
R(e, v, a)
:= (2e -1)(1 +v 2 )T 1 (v, a) +T 3 (v, a) -f J (f) = o.
(v,a)-T 3 (v,a»0, if v>vo(a). (4.32)
Also by numerical calculation we find that, for fixed e> 1, the equation R(e, v, a) = 0 has a unique solution v = ve (a), as plotted in Fig. 3 
Some numerical results
In this section we present some results of numerical calculations based on the integrodifferential equation (4.2). These results will confirm the conclusions of our stability analysis and will provide extra information on such phenomena as spurt, shape memory and hys- Fig. 4 . The spurt layer disappears for 1 = 2F m (i.e. r m = 1, which corresponds to point E in Fig. 4 ) and after that (1 < 2F m ) the flow becomes entirely classical again. In the final unloading path EA, the flow is classical and this path coincides with the initial part of the loading curve. The phenomenon that no part of the loading curve in Fig. 4 is retraced until the flow has become entirely classical again, is typical for hysteresis. Wrn Figure 5 The velocity gradient -8v(r, t)j8r for E = 0.02 and f(t) = 0.8H(t), computed by Euler's forward discretisation method with step length h t = 0.005.
The steady state velocity gradient jumps at r = rM = 0.9432.
The total amount of shear is computed for a prescribed pressure gradient of the form The process of unloading is numerically implemented by prescribing the pressure gradient as (5.4) where to is sufficiently large to achieve a steady state at t = to. Fig. 4 , where the kink forms at r* = 2F m /11 = 0.9564. In Fig. 7 the solution for this particular loading is presented. We observe that when the load is equal to 11 = 0.75, the jump in the steady state velocity gradient occurs between r = 0.95 and r = 0.96, which is closer to the wall than its position for 10 = 0.80. This moving back of the spurt layer position to the wall corresponds to loss of shape memory. As shown in Fig. 8c , the jump in the velocity gradient is now from W m to the value w m < WM.
We conclude that the numerical calculations support our expectations concerning the occurrence and the specific behaviour of a jump in the velocity gradient under a loadingunloading cycle, as expressed in the beginning of this section. 
Conclusions
Stability analysis and numerical simulations have been used to analyse the Poiseuille flow of a KBKZ-fluid supplied with an extra viscous term. This fluid model describes the behaviour of highly elastic polymeric fluids. The addition of a viscous term, leading to a nonmonotonic constitutive behaviour, is essential in this analysis: A kink in the velocity profile, due to a jump in the steady state velocity gradient, provides an explanation of the spurt phenomenon. Hence, internal material properties of the fluid itself account for the spurt phenomenon and not a global external effect as 'wall slip'. Since in industrial practice this spurt effect distorts the extrudate by forming a pattern of irregularities at its surface, a good estimate of the critical value of the pressure gradient (or the associated critical stationary volumetric flow rate) beyond which spurt occurs, is of great practical value. The aspect which distinguishes our approach from that of [2] , where a differential equation is used, is that we analysed a nonlinear viscoelastic constitutive equation containing a memory integral, leading to a nonlinear integrodifferential equation. Recapitulating our main results we proved by analytical means that
• for t -+ 00, the flow reaches a steady state;
• if the stationary pressure gradient exceeds a critical value, equation (3.2) has three distinct solutions for the steady state velocity gradient w(r) for a certain range of radial coordinates r;
• a steady state w with WM~w~W m is unstable;
• steady states w with 0~w < WM and W > W m are stable.
Numerical results showed how and under which conditions the different stable states are attained. This strongly depends on the radial position and the deformation history of the fluid. In this respect, our calculations reveal that for supercritical flow in the loading phase, the flow reaches its steady state gradually as long as r < rM (i.e. F(r) < F M ) (see e.g. Fig. 5 ). However, for r > rM one observes a rather small time interval in which the velocity gradient jumps from a value below WM to a value that exceeds W m , after which the flow becomes gradually stationary. Since the latter w-value is much larger than the first one, a kink in the velocity profile appears at r = rM. In the layer near the wall, the so-called spurt layer, the magnitude of the velocity gradient is very large, which causes an enormous increase of the volumetric flow rate. Since in our analysis the no-slip boundary condition v(l) = a is maintained (see Fig. 2 ), wall slip can not account for this effect.
In the unloading phase the following peculiarities are observed:
• As long as the unloading is small enough, the spurt layer remains fixed; this effect is referred to as shape memory;
• the decrease of the velocity gradient is at first rather fast, after which it becomes gradually stationary again;
• when the unloading step exceeds a certain value, the thickness of the spurt layer starts to decrease and the layer disappears as soon as the flow becomes subcritical agam;
• the unloading and loading paths do not coincide, implying the occurrence of hystere-SIS.
Up to now, the observations listed above are only supported by numerical calculations. A mathematical proof for the qualitative behaviour of the fluid remains for further research. Due to the integrodifferential character of our equations, an analogy with the methods used by Malkus et al. [2] is not possible. However, we expect that a continued study of e.g.
• the relationship between the shear stress and the (first) normal stress difference,
• the asymptotics for small e-values, will provide a further insight in the problem under consideration. Hence, one of the aims of our future investigations is to derive an analytical explanation for effects such as shape memory and hysteresis.
Another peculiar effect, not yet mentioned, that is observed in experiments as well as in industrial circumstances, is the occurrence of the so-called 'shark-skin' instabilities at the surface of an extrudate (d. [10] ). These shark-skins occur in extrusion processes before spurt turns up. It is very well possible that these effects, which show a typical time scale behaviour, are associated with the sudden increase of the velocity gradient in the loading phase as depicted in Figs. 5, 6 and 7. This small time scale behaviour is related to the small value of e. This supports once more the expectation that a study of the asymptotics with respect to e will lead to a better understanding of the flow problem under consideration. 
